Risk aversion of market makers and
asymmetric information

Umut Cetin and Albina Danilova
London School of Economics

Advanced Methods in Mathematical Finance
Angers, 2nd September 2013

Cetin & Danilova Liquidity and risk aversion



Risk averse market makers Description of the market model
Equilibrium

Market structure

Market consists of a riskless asset with r = 0 and a single risky
asset. The fundamental value of the asset, V, is given by f(n),
where 7 is a standard normal random variable.
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m Noisy/liquidity traders: the noise demand is given by
Zt = O‘Bt.
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Risk averse market makers Description of the market model
Equilibrium

Market structure

Market consists of a riskless asset with r = 0 and a single risky
asset. The fundamental value of the asset, V, is given by f(n),
where 7 is a standard normal random variable.

There are three types of agents on the market:

m Noisy/liquidity traders: the noise demand is given by
Zt = O‘Bt.

m Informed investor: observes F| = F v o(V) and is
risk-neutral, i.e. she solves

1
sup EY [Wﬂ = sup EY [(V—s1)x1+/ Xsts],
XEA(H) XEA(H) 0

where EY is the expectation using the probability measure
of the insider who is given the realisation V = v.
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Risk averse market makers Description of the market model
Equilibrium

m Market makers There are N market makers who:

m Have identical CARA utilities with the risk aversion
parameter p.
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Risk averse market makers Description of the market model
Equilibrium

m Market makers There are N market makers who:
m Have identical CARA utilities with the risk aversion

parameter p.
m Observe FM = 7" where Y = ¢B + X is the total demand

process.
m Set the price, S; = H(t, Y;) according to zero utility gain
condition, i.e.
E[U(G) — U(Gs)|FM =0, vs < t,

where

G: = 1/tYdH(s Ys) — 1 ﬁ(V—H(Y 1))

t- - N o s y I's [t=1] N 1 )
A = [Prade( v,

with ® being a cdf of a standard normal.
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Risk averse market makers Description of the market model
Equilibrium

Definition of Equilibrium

Definition
A couple (H*, X*) is an equilibrium if H* is an increasing
function, X* is an absolutely continuous process (+some
technical conditions), and the following conditions are satisfied:
El Market efficiency condition: given X*, H* satisfies
zero-utility gain condition.
B Insider optimality condition: given H*, X* solves the insider
optimization problem:

E WX = sup E'[WY].
XEA(H*)
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Description of the market model

Risk averse market makers
Equilibrium

Theorem
Suppose f is either bounded with a continuous derivative or

linear. Then there exists a function H such that

H; + %UZHW =0, and H(1,&) £ f(N(0,1)) (1)

where ¢ is a strong solution to (5 is a Brownian Motion)

t 42
& =abi— [ Gty (s.6)ds @

Moreover, this H and
t 2
Y, = aBt—/ TPy H,(s, Ye) + (s, Yo 1,H (1, V)| d
2N p
= 0B+ X{, (3

where p(s, y; t, z) = P[¢;: € dz|&s = y], constitute an equilibrium.

Liquidity and risk aversion
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Risk averse market makers Description of the market model
Equilibrium

On zero-utility gain

Recall that

m the zero expected utility gain for a market maker means
that U (G) is a (FM, P)-martingale, where

Gi = / Ys dH(s, Ys) — 1
m In filtration M and under measure P total demand is
y 0%
dYi=odB; — N YiHy(t, Yt) dt. (4)

m Direct application of Ito yields

dU(GY) = —oU' (G2t ~rHy (1, Vi) aBY
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Risk averse market makers Description of the market model
Equilibrium

First implications of equilibrium

m Net demand flow has a drift in its own filtration:

* Y 0.2p * ¥ *
dYt = O'dBt — Wyt Hy(t7 Yt )dt,

i.e. insider’s trades are no longer inconspicuous.
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m Net demand flow has a drift in its own filtration:

* Y 0.2p * ¥ *
dYt = O'dBt — Wyt Hy(t7 Yl’ )dt,

i.e. insider’s trades are no longer inconspicuous.
m The equilibrium total demand process is mean reverting,
i.e. the large buy orders are followed by sell orders, and

vice versa. This is a result of risk sharing between the
market makers and the insider.
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i.e. insider’s trades are no longer inconspicuous.
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m There are, in general, systematic changes in the market
depth.
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Risk averse market makers Description of the market model
Equilibrium

First implications of equilibrium

m Net demand flow has a drift in its own filtration:

* Y 0.2p * ¥ *
dYt = O'dBt — Wyt Hy(t7 Yl’ )dt,
i.e. insider’s trades are no longer inconspicuous.

m The equilibrium total demand process is mean reverting,
i.e. the large buy orders are followed by sell orders, and
vice versa. This is a result of risk sharing between the
market makers and the insider.

m There are, in general, systematic changes in the market
depth.

m In the limit § — 0 Kyle’s result is retrieved.
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Risk averse market makers Description of the market model
Equilibrium

The linear case

m If f(n) = an + b, explicit solution can be found.
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m Guess H(t,y) = Ay + b. Then ¢ is a Gaussian process:

Cetin & Danilova Liquidity and risk aversion



Risk averse market makers Description of the market model
Equilibrium

The linear case

m If f(n) = an + b, explicit solution can be found.
m Guess H(t,y) = Ay + b. Then ¢ is a Gaussian process:

m Then, & NN(O,pﬂA (1 —exp (—”%A))).
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Risk averse market makers Description of the market model
Equilibrium

The linear case

m If f(n) = an + b, explicit solution can be found.
m Guess H(t,y) = Ay + b. Then ¢ is a Gaussian process:

m Then, & NN(O,pﬂA (1 —exp (—”%A))).
m Thus, to have H(1,&4) 4 f(N(0,1)), A must solve

o2 a1
1_ —eemx _pa t
e N X
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Risk averse market makers Description of the market model
Equilibrium

The linear case

m If f(n) = an + b, explicit solution can be found.
m Guess H(t,y) = Ay + b. Then ¢ is a Gaussian process:

m Then, & NN(O,pﬂA (1 —exp (—”%A))).
m Thus, to have H(1,&4) 4 f(N(0,1)), A must solve

2
gt _ @l
1 e N - N )\’ (5)
m And the equilibrium demand Y* solves
2 an — A\Y;{ cosh @(1 — 1)
dY; = odB + 27 : (5 ) T

2N sinh (%(1 - t))
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Benchmark model I: Kyle/Back model

To obtain the result of these models we set p =0, a= 1.
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Benchmark model I: Kyle/Back model

To obtain the result of these models we set p =0, a= 1.
m In the equilibrium, the total demand process, Y*, solves

Y*
aY; = odB + 21— L at.

1-t
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Benchmark model I: Kyle/Back model

To obtain the result of these models we set p =0, a= 1.
m In the equilibrium, the total demand process, Y*, solves

Y*

aY; = odB;+ 21—t at.

1-t

m The equilibrium pricing rule is H*(t,y) = 1y + b.
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Benchmark model I: Kyle/Back model

To obtain the result of these models we set p =0, a= 1.
m In the equilibrium, the total demand process, Y*, solves

Y*

aY; = odB + 21— L at.

1-t

m The equilibrium pricing rule is H*(t y)=1ly+b.
m The market has constant depth 1 = o.
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Benchmark model I: Kyle/Back model

To obtain the result of these models we set p =0, a= 1.
m In the equilibrium, the total demand process, Y*, solves
on—Y{

dt.

m The equilibrium pricing rule is H*(t,y) = 1y + b.
m The market has constant depth 1 = o.

m The resilience is the speed with which the prices converge
to the fundamental value. In Kyle’s equilibrium it equals

1 <__$(V—EV[Y:1>>
1—t\  V-E[Y]]
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Benchmark model I: Kyle/Back model

To obtain the result of these models we set p =0, a= 1.
m In the equilibrium, the total demand process, Y*, solves
on—Y{

dt.

m The equilibrium pricing rule is H*(t,y) = 1y + b.
m The market has constant depth 1 = o.

m The resilience is the speed with which the prices converge
to the fundamental value. In Kyle’s equilibrium it equals

1 <__$(V—EV[Y:1>>
1—t\  V-E[Y]]

m The profit of the insider is o.
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Benchmark model II: strategic trader model

Strategic trader has no private information.
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Benchmark model II: strategic trader model

Strategic trader has no private information.

m In turns out that in the equilibrium, the total demand, Y*,
solves

*

Y.
dY; = dB; - ‘;IG’QY, ot — 1y 5=
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Benchmark model II: strategic trader model

Strategic trader has no private information.

m In turns out that in the equilibrium, the total demand, Y*,
solves

*

Y
ay; = dB; — (;/\72 Y dt— 1,

m The equilibrium pricing rule is

_ ) btgpy, t=1;
H(t.y) { b+ gy, tel0,1)
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Benchmark model II: strategic trader model

Strategic trader has no private information.

m In turns out that in the equilibrium, the total demand, Y*,
solves

*

Y
ay; = dB; — (;/\72 Y dt— 1,

m The equilibrium pricing rule is

. b+ﬁy, t=1;
H(t.y) { b+ gy, tel0,1)

. . L o2
m The profit of the strategic trader is given by £%;.
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Benchmark model II: strategic trader model

Strategic trader has no private information.

m In turns out that in the equilibrium, the total demand, Y*,
solves

*

Y
ay; = dB; — (;/\72 Y dt— 1,

m The equilibrium pricing rule is

. b+ﬁy, t=1;
H(t.y) { b+ gy, tel0,1)

m The profit of the strategic trader is given by %L,i
m The market depth is 4¥
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Benchmark models

Comparative dynamics for the linear equilibrium Comparison
Market depth
The depth of the market
2

. . _po_

is still constant and equal to 1, where Asolves 1—e~ w* = £ 1.
. . —
0.2 0.2 \\

30 35 40 45 50
ion rate

5 25
Effective risk aversi Effective risk aversi

Market becomes less liquid as the market makers become more risk
averse. The panel on the right depicts how this loss of liquidity,
measured in terms of the relative depth, i.e. >\17 depends on the risk
aversion and noise volatility.
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Resilience

Resilience is given by

d A% cosh(A\01) p®A
o I . EV )\Y* — O = .
dt 0og (77 [ t]) sinh(/\o) _ sinh(>\°t)’ 2N

zgj 0.90 7 //

E - -

For a better comparison the resilience parameter is normalised by its
counterpart when the market makers are risk neutral:’c = 0.5.
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Efficiency

m Efficiency is a measurement of how informative the market
prices are. Using the explicit form of the
Ornstein-Uhlenbeck processes, we get

1—exp (—A”—,\ff)ﬁ - t))
1—exp (— A‘,’Vzp)
m The loss of efficiency is monotone in p and ¢. This is in

contrast with the risk neutral case where the efficiency is
independent of the volatility of the noise trading.

¥ (t) = Var(yn|FM) = >1-t
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Comparative dynamics for the linear equilibrium
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The straight line below the other curves is the efficiency when the
market makers are risk neutral. In the left pane o is taken to be 0.5

while p° = 1 on the right.
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Price reversal

m When the market makers become risk averse, the prices
exhibit a reversal. In particular,

M(s) = lim Cov (H(t, Y;) — H(s, Ys), H(u, Y,) — H(t, Y}))
o t=s=< \/Var(H(t, Yr) — H(s, Ys))Var(H(u, Y,) — H(t. V1))e

e—0

2 2
_ poeA _Accp
=~ N <1+exp< N s))
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Price reversal

m When the market makers become risk averse, the prices
exhibit a reversal. In particular,

M(s) = lim Cov (H(t, Y;) — H(s, Ys), H(u, Y,) — H(t, Y}))
o t=s=< \/Var(H(t, Yr) — H(s, Ys))Var(H(u, Y,) — H(t. V1))e

e—0

2 2
_ poeA _Accp
=~ N <1+exp< N s))

m Similar calculations yield that when a strategic trader has
no private information

M(s) = _Xu (1 + exp (—)\OapoS)) ,
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison
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Both plots above assume o = 1, and show monotonic behaviour of
price reversal as a function of time and risk aversion. The right pane
plots price reversal as a function of time and risk aversion for the case
of strategic trader equilibrium, whereas the left one plots it for the
case of the insider equilibrium
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Insider’s profits

m The ex-ante profit of the insider is found to be 2%,

Thus, the change in the ex-ante profits due to the risk

aversion is equal to @ > 0.
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Insider’s profits

m The ex-ante profit of the insider is found to be 2%,
Thus, the change in the ex-ante profits due to the risk
aversion is equal to M > 0.

m The excess profits for the insider is monotonically
increasing to infinity in both risk aversion and noise
volatility. This implies that the noise traders lose more in
the equilibrium with higher risk aversion of market makers.
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Benchmark models

Comparative dynamics for the linear equilibrium Comparison
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Effective risk aversion

Insider’s profits increase as the market makers get more risk averse.
Excess normalised profits, measured by (o) “A) , increase, too.
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Value of information

The difference between the ex-ante profit of the insider and that
of the strategic trader is the value of information and it equals to

1 0'2 0
o+ 5 (A= 27).

Value of information

R

T T T T T T T
0.5 1 1.5 2 2.5 3 3.5 4 4.5

Effective risk aversion
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Conclusion

Risk aversion causes
m smaller depth,
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Conclusion

Risk aversion causes
m smaller depth,
m slower price convergence to the fundamental value ,
m less efficient markets,
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Conclusion

Risk aversion causes
m smaller depth,
m slower price convergence to the fundamental value ,
m less efficient markets,
m noise traders to lose more money on average,

m insider to disguise her trades by emulating the trades of
strategic trader,
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Conclusion

Risk aversion causes
m smaller depth,
slower price convergence to the fundamental value ,
less efficient markets,
noise traders to lose more money on average,

insider to disguise her trades by emulating the trades of
strategic trader,

m mean reverting total demand process and price reversal,
and
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Benchmark models
Comparative dynamics for the linear equilibrium Comparison

Conclusion

Risk aversion causes
m smaller depth,
slower price convergence to the fundamental value ,
less efficient markets,
noise traders to lose more money on average,

insider to disguise her trades by emulating the trades of
strategic trader,

m mean reverting total demand process and price reversal,
and

m non-systematic changes in price sensitivity to the total
order.
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Related literature

m Kyle (1985)
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Related literature

m Kyle (1985)

m Back (1992)

m Subrahmanyam (1991)

m Biais, Glosten and Spatt (2005) in J. of FM.
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