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Motivation

Reference Financial market :

e W := (Wi)ecpo, 1) @ Brownian motion defined on
(Q,G,F := (Ft)ecpo,m: P)

e Riskless asset SO := (Sf)te[o,ﬂ, zero interest rate
e Risky assets S := (S¢):cpo, 7],

dS. = S, (tht T th).
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e Riskless asset SO := (S?)te[o,ﬂ, zero interest rate
e Risky assets S := (S¢):cpo, 7],

dS. = S, (9tdr T th>.

Random time : 7: Q — [ C [0, c0) which is G-measurable (not a
F-stopping time)

e Enlarged filtration : G := (Gt):epo, 71,
G = me:>0{]:t‘+8 Vv U(ITSIM u<t+ 5)}

e We assume the Immersion hypothesis(PP) : Any F-martingale is a
G-martingale.



Motivation

We study :

o sup,c 4 E[U(XZ.7)] with

t dSt t
X =x+ ?—X-i- ms(dWs + 0sds), m € A
t 0

o A= {ﬂEP(G [fo |7s| ds] <oo}

e Some references : Karatzas, Wang ; Blanchet-Scalliet, El Karoui,
Jeanblanc, Martellini; Bouchard, Pham ; El Karoui, Jeanblanc, Jiao;
Jiao, Pham; Kharroubi, Lim, Ngoupeyou;...
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Additional assumptions on 7 : Density hypothesis : There exists a
map 7 which is F; ® B((0, 00))-mesurable s.t.

o
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is a G-martingale and P[7 > t|F,] = e ™.
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Additional assumptions on 7 : Density hypothesis : There exists a
map 7 which is F; ® B((0, 00))-mesurable s.t.

o
Plr > 0|F] :/ +(t, u)du
0
e Proposition 4.4 of [El Karoui, Jeanblanc, Jiao] : The process

tAT
M;:=1.<; f/ Asds, t € [0, T]
0

is a G-martingale and P[7 > t|F,] = e ™.
2 cases : Set A; := fot Asds
e Supp(7) =[0,00) = At <0, Vt < T, P—as.

e Supp(7) =[0,T] = At < o0, Vt<T, P—a.s; At = +o0, P— a.s..



Our problem : sup, 4 E[U(XT,7)], U(x) := —exp(—ax), a >0

o Use a technique by Hu, Imkeller, Miiller (El Karoui, Rouge;
Kharroubi, Lim, Ngoupeyou).

e Value function :

TAT
V(t,x) := ess sup E {U (X +/ ms(dWs + 9sd5)) |gt}
t

AT
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TAT
e V(t,x) = U(x) ess infE {exp (—a/ ms(dWs + 95ds)) |Qt},

AT

=:V;
and

— VT/\T =1
— V(t,XT)= V:U(X{) supermartingale, Vr

< In* st V(, X7 )= VeU(XT" ) martingale



Guess : V; 1= exp(aY:)

TAT TAT TAT
Y, = 0—/ stWs—/ £(s, Ys, Zs, Us)ds—/ UsdHs, t € [0, T].
t tAT t

AT AT
(1)
— BSDEs with random horizon : Darling, Pardoux.



Guess : V; 1= exp(aY:)

TAT TAT TAT
Y, = 0—/ zdes—/ £(s, Ys, Zs, Us)ds—/ UsdHs, t € [0, T].
t tAT t

AT AT
(1)
— BSDEs with random horizon : Darling, Pardoux.

Use the conditions :
— VT/\T =1

— V(t,X[)= Ve:U(X{) supermartingale, Vr, to get
< I st V(6 X )= VLU(XT ) martingale

TAT TAT |9 |2 1— eaUs TAT
Y = 0—/ stWS—/ {S + Zs0s + )\5] ds—/ UsdH,
t tAT 20 «a t

AT AT



TAT TAT TAT
m:o—/ LMM—/‘ f@Y;LJU$—/ UsdHs, t € [0, T].
t tAT t

AT AT

Definition (Solution to (1))

A triplet of processes (Y, Z, U) in S? x H? x IL? is a solution to Equation
(1) if Relation (1) is satisfied for every t in [0,7 A T] P-a.s., Y = Y7ar
fort > TAT, Zt=U=0fort>TAT on the set {T < T}, with

$? = {Y € P(G), B[ sup |Y:?] < oo}

te[0,T]
< oo}

.
|1z
0
;
/|mﬂm%<m}
0

H%_{ZerLE

L%:{UerLE




TAT TAT TAT
Y, =0 —/ Z,dW, —/ f(s, Yo, Zs, Us)ds—/ UsdHs
t tAT

AT tAT

Theorem (Kharroubi, Lim, Ngoupeyou)
Assume that )\ is bounded. If the Brownian BSDE

T T
Yt = 07/ fo(s, Ys”,Zs",stb)dsf/ Zbdw,, teo,T]
t t
admits a solution in S?(F) x H?(F) with
fo(t,y,z, Wl =f(t,y,z,u)li<,
then the process (Y, Z, U) defined below is a solution to (1) :

Yt = Ytb1t<7'; Zt = Zf]-tg'r; Ut = _YtbltST'



A bounded = At < oo, P-a.s. = Supp(7) = [0, x0)

—What happens when Supp(7) = [0, T] (so when At = oo, P-a.s.)?

Proposition
Assume that Supp(7) = [0, T]. If the Brownian BSDE

T T
yb = 0—/ f (s, Ysb,Zsb,—Ysb)ds—/ Zbdw,, teo, T]
t

t
admits a solution in S*(F) x H?(F) with
fb(ta y,z, U)ltgf - f(taya Zz, U)ltST
then the process (Y, Z, U) defined below is a solution to (1) :

Yii=YPlier: Zii=ZPlicr; Up=—YPlic,.

TAT TAT TAT
Y, = 0,/ zdesf/ f(s, Yo, Zs, Us)dsf/ UsdH,, t € [0, T]
t tAT t

AT AT



TAT TAT TAT
Y, =0- / ZodW, — / £(s, Ys, Zs, Us)ds — / UsdHs
tAT tAT t

AT

Proposition
Assume that Supp(t) = [0, T]. Let A € L2. If the Brownian BSDE

T T
YA =A- / Fo(s, YOA, Z0A, —YPA)ds — / ZPAdWs, € [0, T]
t

t

admits a solution in S?(F) x H?(F) with
fo(t,y,z,u)li<, = f(t,y,z,u)l;<, then the process (Y,Z,U) defined
below is a solution to (1) :

Yt = Ytb7A1t<7-; Zt = th7A1t§7-; Ut = _Ytb)AltST.

Solutions for Al # A% = two solutions for (1) = 2 value functions =
problem illposed.



1052 e v T b
i - AdW,
ytb,A:A_/t [2 + ZbAg, +)\a1ds /t Z"dWs
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So it may happen there is no solution for A # 0
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So it may happen there is no solution for A # 0

First remarked by El Karoui : Section " Pathology” in the BSDE red
book



BSDEs with exploding coefficient : the
linear case

T T
Yt:A—/ (@s—ASYS)dS—/ ZdWs te0,T],
t t

T T
Y, =A— / (stAsYs)ds — / ZsdWs, te|0, T],
t t



BSDEs with exploding coefficient : the
linear case

T T
Y, :A—/ (@s—ASYs)ds—/ ZdWs te0,T],
t t
T T
Y, =A —/ (¢s+As Ys)ds —/ ZsdWs, te|0, T],
t t

Definition (Solution)

Let A be an element of L and f: Q x [0, T] x R x R — R such that for
any f(t,-,-) is predictable. A pair of predictable processes (Y, Z) is
solution to the BSDE

T T
Y, =A— / F(s, Y, Zs)ds — / Z.dW,, tel[o,T],
t t

) T T o0, \ Y2 )
ifE| [, |f(t,Ye, Z¢)|dt + (]0 | Zs| dS) < 400 and the relation

above is satisfied for any t in [0, T], P-a.s..



BSDEs with exploding coefficient : the
linear case

Proposition
Let A be in L' and ¢ = (©t)eeo, 1) be an element of H!. The Brownian
BSDE

dY: = (pr — A\ Yo)dt + ZedWs; Yy = A (2)
admits no solution if A # 0. If A= 0, the BSDE (2) may admit infinitely
many solutions.



BSDEs with exploding coefficient : the
linear case

Proposition

Let A be a given constant and ¢ := (+):e[o, 7] be a deterministic map.
We assume that \ is a deterministic function. Then

(i) Ife fot eMpgds converges to C # 0 when t goes to T, then the
ODE

dYt = (Sot - )\tyt)dt, YT = A.

admits no solution if A# C. If A= C, it admits
Y, =e N fot eMpgds as unique solution.

(ii) If e~ [ eMpds converges to 0, the ODE has no solution if A # 0,
and a /nfm/te number of solutions given by

Y,=e M Y0+foe spsds in the case A = 0.
(iii) e N fo espsds does not converge, the ODE has no solution.



BSDEs with exploding coefficient : the
linear case

Proposition
Let A be a bounded predictable process and o := (¢¢)¢cjo, 1] be an
element of H'. The Brownian BSDE

dYt = (SDt + )\t Yt)dt + thth YT = A

admits no solution unless A = 0. In that case the BSDE admits a unique
solution.



BSDEs with exploding coefficient : the
linear case

Proposition

Let A be a bounded predictable process and o := (¢¢)¢cjo, 1] be an
element of H'. The Brownian BSDE

dYt = (SDt + )\t Yt)dt + thth YT = A

admits no solution unless A = 0. In that case the BSDE admits a unique
solution.

Proposition

Let ¢ be an element of H* and A in L. Let f : R — R be an increasing
map with f(0) = 0. The BSDE

T T
Yt:A—/ [<p$+)\sf(Ys)]ds—/ Z.dW,, telo,T]
t t

admits no solution if A # 0.



Coming back to the original equation

Theorem

Let ¢ be a non-negative bounded predictable process and o« > 0. The
BSDE

T A T
Yt:A—/ [@s+§(1_e—ays)]ds—/ ZdW,, telo,T).
t t

admits a solution if and only if A= 0. In that case, the solution is
unique, Y is bounded and fo ZsdWs is a BMO-martingale.



Coming back to the original equation

Theorem

Let ¢ be a non-negative bounded predictable process and o« > 0. The
BSDE

T A T
_ / st 22(1 — & )]ds / ZdW,, te0,T].
t t
admits a solution if and only if A= 0. In that case, the solution is

unique, Y is bounded and fo ZsdWs is a BMO-martingale.

Corollary
The BSDE

|0 |2 )‘ —aY; T
Y, = [ T Zepst Z(1-e Y )ds— | ZidW., te[0,T].
t t
(3)

admits a solution if and only if A= 0. In that case, the solution is
unique, Y is bounded and fo ZsdWs is a BMO-martingale



A final word

Link with a work in progress by Confortola, Fuhrman and Jacod about
such BSDEs with multiple jumps but no Brownian part.



