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Outline of the talk

I- Motivation of the problem
e Preliminary notations
e The switching problem : Presentation and review of existing
literature
e The switching game : formulation and objectives

[I- Study of the related system of variational inequalities
e Main system : presentation and first (comparison) result
e Presentation of approximating schemes :
e Existence of continuous viscosity solutions (Perron’s
method)

[1l- The switching game
e Preliminaries : Min-max and Max-min PDEs and connection
with zero sum Dynkin games
e The main result : characterization of the value function
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Presentation of the problem

Introduction : Setting and notations
On a standard probability space,
» W : standard d-dim. Brownian Motion,

» X diffusion process s.t. dX; = b(t, X;)dt + o(t, X¢)dW;
+ standard conditions on b, o,

» T finite horizon + J = {1,--- , m} set of possible modes.

1. Wi(s, Xs) : instantaneous profit (generated in mode i, i in J)

2. h(X7) : fixed payoff (or terminal condition) at time T,

3. g’.’k(s,Xs) : nonnegative penalty costs incurred at time s
when system switches from i to k.
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Review on standard switching problem

Presentation
» A’ : set of admissible strategies a := (75, ip) 0 =0, ip =i
satisfying both
P{VpeN, 7, <T})=0

and A7(a) = >_ 50 8ipipi1 (Tps X7, ) 17,< T square integrable.
» Profit functional (associated with «)

. . T .
J(a)=E | H(xXr) + / S Wh(5, Xo)Lacgry mya 05 — Ar(a)
p=0
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Review on standard switching problem

Presentation

» Dynamic version of switching problem (t given in [0, T])
A : set of admissible strategies s.t. 7o = t, ig = i
For any « in A%, we define

\

T
J’(t,a) =Eg h’(X;—’X)-i-/ Zwlp(r7Xrt’X)lrE[Tp7Tp+1[dr_At,T
£ p20 ,
with Ay 7 = Zgip,ipﬂ (Tp7XTt,;X)1t§TP<T-
p=>0

» Objectives of switching problem

e Characterize V; = v;(t, x) = ess sup e 4e.:J'(t, @),

e Identify and construct a* achieving the supremum (in A%/).
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Review on standard switching problem

The switching problem : the BSDE approach

> The general m modes switching problem :
Define (Y')icq1,.,my = R™-valued process s.t.

,

Y K, Z" and K'non-decreasing and K} = 0;
Yi = h,-(X7t-’X) LT XY LY Z]dr
(8){ +Ki—Ki sz'dB,, Vs<T
Yi> maxk¢,{Y (s XS}, Vs < T
Jvi- maxk;é,{Y (5, X7 KL = 0.
(1)

(S) : system of m reflected BSDEs with interconnected lower
obstacle.
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Review on standard switching problem

List of hypotheses for the data of the RBSDE system

H1 V;is yniformly Lipschitz continuous w.r.t.
(V,2) =y sy™ 2Y),
(s,x) — Wi(s, x,0,0) has at most polynomial growth (w.r.t
x) (it belongs to the class [1€)

H2 Monotonicity ¥i € J, Yk € J \ i, the mapping

Yk € R~ \U,‘(t,X,yl, coos Yk—15Yks Yk+15 "'7ym) is
non-decreasing whenever (t, X, Y1, ..., Yk—1, Yk-+1s ---s Ym) are
fixed.

H3 (i) gj is jointly continuous in (t, x), non-negative and belongs
to & ;
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Review on standard switching problem

List of hypotheses (continued)

H3 Non free loop property (i) for any (t,x) € [0, T] x R¥ and
for any sequence i1, ..., iy such that i; = iy and
card{i, ..., ik} = k — 1 we have :
g,'l,'2(t,X) + gi2i3(t’x) + et gikflik(t7x) + gikh(tvx) >0,
Y(t,x) € [0, T] x Rk,

H4 h; is continuous, belongs to 18 and satisfies :

VxR hi(x) > max(hy(x) ~ g((T. ).
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Review on standard switching problem
First result for the switching problem

Under assumptions (Hi);=1 ... 4, there exists m triples

(Y, Zi K'); satisfying (S).

In addition the following representation holds
Vte[0,T] Y/ =ess supyeanid(t, ),

the optimal admissible strategy a* = (7, i) exists s.t.

70 =t, T, =inf{u>75 4, Y= T;aé?( (Ylf‘ —5i7k(u, lex))}

and

ip =i, iy = Argmax{k, YTISCI = max (YTl;* — g’.7k(T;,X%X))}

Marie-Amélie Morlais (LMM, Le Mans) J.w.w. Said Hamadéne Conference " Advanced methods in mathematical finance”



Solution of the switching problem
Second result for the switching problem

In the Markovian setting (i.e. when randomness of V;, (h;)icrs
and ((g, , ki) comes from X = X*X)

the family (v; : (t,x) — Y;"")ic is the unique continuous
viscosity solution of

min < v;(t, x) —j@;gi(—g;7j(t7x) +v(t,x)) ;
—0pvi(t, x) — LXvi(t, x) — Wi(t, x, (vi(t, x))1, (o T.Dxvi)(t, x)) }

vi(T,x) = hi(x).
(2)
with

Lo(t,x) = b(t,x) T Dp(t,x) + 3Tr(oo T (t,x) Duxp(t, x)),

for ¢ in C12([0, T] x R).
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The switching problem : Review of existing results

2.1 First studies : Two-modes switching problem (constant
penalty costs or non random data). Dixit (1987), Zervos
(2006) Ludkowski (phD thesis 2005)

2.2 Generalizations :
e Relationship between the 2-modes switching problem and an
explicit doubly reflected BSDE (Hamadeéne-Jeanblanc - 2002)

e The multi-modal switching problem : Connection with
system of obliquely reflected BSDEs

Hu-Tang (2007), Hamadéne-Djehiche-Popier (2008),
Ma-Pham-Kharroubi (2008)

Hamadene Zhang (2010), Elie Kharroubi (2009, 10)
Chassagneux-Elie-Kharroubi (2011) Hamadene Morlais (2012)

e Numerical aspects : Ludkowski, Elie-Kharroubi (2010)
Bernhard (phD 2011)
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Presentation of the switching game

Same brownian setting, T fixed time horizon, set of modes
F=rtxr?

The gain functional

Assume that

Player 1 has strategy o = (ix, o),
Player 2 has strategy 3 = (jk, 7«)

s.t. system is in state (i, jk) during [vk, vk+1[, (i0,Jo) = (7,/) then

ij T ieod
J ’J(av 6) =K (h(XT) + fo ZkZO v kdk(sa XS)]'SE[I/k,I/kJrl[dS)

- Zkgl (5,‘,(_17;,(1{1%: ok<T} — gjk—lzjkl{'/k:"'kv Vi< T})

Marie-Amélie Morlais (LMM, Le Mans) J.w.w. Said Hamadene Conference ” Advanced methods in mathematical finance”



Presentation of the switching game

Objectives of the switching game

(i) Justifying existence to the value function V = V¥

VY = sup |nf JH(a, B) = |nfsuinJ(a,ﬂ)
acAi BEB a

(i) Characterizing an optimal mixed strategy (when it exists!) as
a saddle point

V(. B), JY(a,f7) < V(" BY) < SV, B)
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Second part : Related system of variational inequalities

Main system : presentation and the comparison result

Presentation of two approximating schemes and main result

Existence of continuous viscosity solution (Perron’s method)
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Study of related system of variational inequalities

The main system
For any (i,j) € It x 2
min { (v'¥ — LY[7])(t, x);
max { (v — UM[V])(t, x);
=0V (t,x) — LvI(t,x) — W(t, x, M} =0
vi(T, x) = hij(x)

where for any (t, x),
1
‘C@(tax) = b(t’X)DX()O(t7X) + ETT[O'O'T(t,X)DEX(p(t,X)],
LIE(e) 1= max (V9(2.x) ~ g, (£.)

UYd)(t, x) = Ier(?i;)]_j(v""(t,x) +&(t, ).
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Study of related system of variational inequalities

The main system : hypotheses

1. for any (i,j), W'Y Lipschitz w.r.t. ¥ (uniformly in (t,x, z),

. Monotonicity : for (k, 1) # (i,j), y*! +— WH(t,x,y) non
decreasing,

. W'Y may depend on Z only through z'+.

4. Constraints on terminal conditions

k.j . i . i/ = \
ker?rag;_,.(h (x) — g (T,x)) <h (X)Sler(r;y;_j(h (x) + 8.(T, x).

. + Technical conditions on penalty costs (5,' k)k7,g; and
(81.1)12-
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Study of related system of variational inequalities

The main system : hypotheses

Hypothesis on the families of penalty costs

For any loop in T, any (i1,j1), ..., (in,jn) of I such that
(insJn) = (i, 1), card{(i1, 1), .., (in,jn)} = N — 1 and
Vg=1,...,N—1, either ig11 = ig ofr jg+1 = jg, then V(t,x),

Z Soiq,iq+1(t’x) 7é 07 (4)

q=1,N—1

where either V g=1,.... N — 1,
Pig,igr1 (t7 X) = _giqyiq+1 (t’ X)liq7éiq+1 + gquiq+1(t’ X) lfq7éjq+1
or Qp’.qa’.qﬂ(t’ X) - 5 (t7 X)liq7éiq+l _ gjqaiq+1(t7 X)qu7éjq+1)'

Iq,1q+1
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Study of related system of variational inequalities

Notions of viscosity sub-supersolution of (3)

Definition :
u = (u'Y) : viscosity subsolution of (3) if u is usc and, if for
£ < T and any (pu, du, Ma) in J+(9(2, ),

min { (v'V — LMY[7])(t, x); ; max {(v/¥ — UY[V])(t,x);

—pu — qub(t,x) — 3Tr (co T M,) — Wi(t,x, (vF!(t, x)))} }

and vI¥(T,x) < h¥(x), for t = T.
(vi’j) c supersolu:cion of (3) if v Isc and if (5) holds for any
(pv, quv, My) in T~ (v"I(t, x)) replacing < by >.

Marie-Amélie Morlais (LMM, Le Mans) J.w.w. Said Hamadéne Conference " Advanced methods in mathematical finance”



Study of related system of variational inequalities

The comparison result

The comparison result Assume that u = (u'V) (resp :

w = (w¥)) is a subsolution of (3) (is a supersolution of (3)),
If, in addition both u and w are in class I,
3C,y>0,V(t,x), [u¥(t,x)| + [w(t,x)| < C(1+ |x]),

then B B
vt e [0, T[, V (i,j) u(t,x) < w"(t,x).

= there exists at most one continuous viscosity solution in
the class Ig.
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Study of related system of variational inequalities

Auxiliary system of variational inequalities
For any (i,j) € T =T x I'> we introduce

max{ (v — U7 (%)
min {(Vu — .Llyj[\_/‘])(t,x).;' N

3 =0V (t, x) — Lv(t,x) — W (t, x, (vk’l(t, X)))}} =0
viY(T,x) = hij(x)

LI ) = max (Ve x) — g, (8,)

UM V(t,x) = %&<WE@+QMJ»
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Study of related system of variational inequalities

First approximating scheme
V(i,j)elr=rtxrz

min{vi,j,m(t7x) - kerPral3(7i(VkJ’m(taX) B gi,k(t7x));

— VM (t, x) — LVM(t,x) — WM (t, x, (VI (8, x)))} = 0,
V"J’m(T,X) = hi’j(X)
(7)

Lm(T) = | max (TR0 (8 x) — g (1))

Ui’j’m(ﬁ) - /e?;;r;*j(vi7l7m(5ax) + EJE/(S’X)

(e, (/) = W e ()= mly = min (v g(t20)
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Study of related system of variational inequalities

Second approximating scheme
V(i,j)er=rtxr?

max{u (%)~ min (V08 x) + 8a( )
le(T

— eV (t,x) — Ly (1, x) — WN(E, x, (VRh1(t, x)))} = 0,
V(T x) = h'(x)
(8)

with

W x, (y<)) = Wt x, )+ n( ker?rag;_,.(y“ — g, (t:x) —y")"
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Study of related system of variational inequalities

Identification of the limit of the two schemes

Theorem : viscosity characterization of the limit

e For each m, (V/¥'™); ; : value of some standard switching
problem,

limp, N\, /Y™ = v/Y, with ¥'Y : is usc and a (viscosity)

solution to system (3).

e For each n (v'¥'") coincides (up to a sign) with value of
standard switching problem.

lim 7 vi¥" = vy with v/¥ sc and a (viscosity) solution to
system (6).
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Study of related system of variational inequalities

Perron’s method : existence of viscosity solution for systems
(3) and (6)

Theorem
Suppose that system (3) satisfies the comparison theorem.
If besides there exist both v = (v'¥) which is Isc and a
supersolution of (3) and v which is usc and a subsolution of (3)
then

Ju=(u"Y)s.t. vV <u¥ <V

with u which is continuous and a viscosity solution of (3).
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Identification of the limit of the two schemes

Sketches of the proofs

» First claim : ¥/ viscosity solution of (3)
> Step 1: Prove that v+ subsolution of (3) and, for each my,
v/ - supersolution
» Step 2 : Set vi:(m) .=
sup{¥'¥ subsolution s.t. v'¥ < ¥/ < y»mo}
» Step 3 : By uniqueness of viscosity solution, we get v'¥ = v'/
» Second claim : v/ viscosity solution of (6).
Main idea : replace v by —v, verify that —v satisfies a new
system of the same type as (3) and mimic the previous
argumentation.

Marie-Amélie Morlais (LMM, Le Mans) J.w.w. Said Hamadene Conference ” Advanced methods in mathematical finance”



Third part : the switching game

Preliminaries : Min-max and Max-min PDEs and connection
with zero sum Dynkin games

Identification of the value of the game

Conclusion
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Min-max and Max-min PDEs and connection with

zero-sum Dynkin games

> Let consider a Brownian setting (finite horizon T) + X strong
solution of

dXE* = b(s, X2¥)ds + o (s, XE¥)dWs, Vs € [t, T]

and L its infinitesimal generator

» I(t,x), h(t,x) and g(x) continuous functions of ¢ such that
I(t,x) < h(t,x)and I(T,x) < g(x) < h(T,x)

» f(t,x,y,z) R-valued function, Lipschitz in (y, z), in & and
continuous in (t,x) (uniformly w.r.t (y, z)).
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Min-max and Max-min PDEs and connection with

zero-sum Dynkin games

Let us now consider the following PDE with bilateral obstacles

min{(u—1/)(t, x), max{(u—h)(t,x), —0ru—Lu—rf(t,x, u, (UTD)Eu;)}}
9

Theorem (Hamadene-Hassani 05)

There exists u := u(t, x) a continuous function of the class &
which is the unique viscosity solution of system (9).
Besides u(t, x) is also solution of

max{(u—h)(t,x), min{(u—1)(t,x), —Oru—Lu—f(t,x,u,(c” Dyu))}}
(10)
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The switching game : existence of the value of the game

Theorem
Assuming that
(i) The generators W'Y do not depend on z and satisfies

Y (s,x,7) [WHY(s,x,7)] < C(1+ [x]").

(ii) the family (gj,/) of penalty costs are It6 processes, i.e.

dg;i(s) = ob'ds + vi'dW,, with @' and ¥ sit.

E (foT ]Té’l]2ds> < 00, and E <f0T |Vé"l\2ds> < 00,

e the two obstacles associated with v'Y of system (3) are separated
ie. L(v) < UY(V)

e The two solutions (v'/) and (v'/) associated with systems (3)
and (6) coincide.
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The switching game : existence of the value of the game

Theorem

Under the additional assumption that the generator W'
(modelizing instantaneous profit in mode (/,/)) does not depend
on (¥, z) we also claim that

i = i = Vi
with
ViJ = ess infsen, j€ss sUPye 4, J(a, B) = ess sup,c 4, ,ess infaep, ;J(a, B)

which is the value of the switching game.
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Thanks for your attention !

LMM, Le Mans) J.w.w. Said Hamadéne Conference " Advanced methods in mathematical fi



