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SAFE method for analytical approximation of multidimensional diffusion

SAFE — STOCHASTIC APPROXIMATION + FINITE ELEMENTS

> Diffusion model: a d-dimensional stochastic differential equation

t
0

q t
X = x —I—Z/ 0i(s, Xs)dW? —I—/ b(s, Xs)ds.
j=1"9

Aim: for fixed T" > 0, analytical computation of
E[h(XT)].
Standing assumption: h is (at least) Lipschitz continuous
> Applications:
v alternative numerical method to Monte-Carlo or PDE methods
v' useful for dynamic programming problems (optimal stopping, BSDEs, ...)

Advanced (different) methods: cubature on Wiener space by
Kusuoka-Lyons-Victoir (2004), splitting method by Ninomiya-Victoir (2008),

quantization method. ..
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> Ingredient 1: Gaussian proxy

t
0

q ot
XtP:achLZ/ aj(s,ajo)dwgqtf b(s,zo)ds.
j=1"9

Justification (heuristics): b, o small, or Vb, Vo smal, or T small.
> Ingredient 2: suitable interpolation of A by a function h

> Final approximation:

Eh(Xr)] ~ EM(X7)] + Y ward (E[R(XT +6))

60‘1"‘€O‘|a| ‘e:O‘
|| <3

Constraints in the derivation: e — E[h(XE + €)] has to be explicit (as a

closed-form function), and its derivatives as well.

w1 is built depending on the law of X:,E :
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Agenda of the talk.

v Stochastic approximation step (similar to Call price expansions, with a

multi-dimensional extension)

v Finite Elements step (Lagrange type, multilinear and multiquadratic

interpolations)

v Final approximation, complexity analysis (improved efficiency up to

dimension 10)

v" Numerical tests
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1ST INGREDIENT: STOCHASTIC APPROXIMATION'

Property (Gaussian proxy). Define

qa ot ¢
X =ap+ Z/ 0;(s,x0)dW? —I—/ b(s,zo)ds
=170 0

and set by = b(t,x0), 0+ = 0;(t,x0), Xt = 010}.

v' The distribution of X% is normal with mean mt =z + fOT b:dt and

. : T
covariance matrix Vi = [ opo;dt.

[Standing assumptions for discussing the accuracy]

(H)-i) o and b are bounded and C? in space + a bit of regularity of D2b, D3o.
We define Mg(o,b) and M (o,b) as follows:

Mi(a,0) = > (10%0]o +10%Dloc).

i< al<2
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[To allow non smooth test function: local ellipticity condition.)

Recalling the covariance matrix Vi = fOT o0y dt, write
Vr = UyDypldy;*
where DY := diag(\3T,..., A2T) and for an orthogonal matrix Uy, .

Oscillation /ellipticity assumption (only at xg):
(#)-ii) There is a constant Cy, > 1 such that

CyMop(o,b) > max X > min A\ > (Cy) ' My(o,b).

ie{1,...,d} ie{1,...,d}

@ All subsequent estimates depend only on Mg(o,b), M1(0,b),Cy,T.
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STOCHASTIC EXPANSION '

Interpolated process: for n € [0, 1], set

q ¢ t
X =0+ 30 [ il X2+ (L= meo)d W2+ [ bl X2+ (1= n)ao)ds,
170 0
so that X"=! = X and X"=0 = X7,
X = X770 ig solution of the SDE:
. q ¢ | '
X, = Z/ o) o (X3 — ao)dW/ +/ v, (XF — x9)ds

where b, = V., b(,x0), 05, = Vy0,(1, T0).

Taylor expansion (assuming here h is C1):

Eh(X7)] = E[h(X})] + E[VA(XE)X7] + Errory’.
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Theorem (Second order weak approximation using the Gaussian
proxy). For e € R, set EP(E) = E[h(XE + €)].
Assume (H) and suppose that h € Lip(R,R). Then we have:

E(h(Xt)] = E[h(X¥})] + Corgpn + Errorgf“‘h,

where:
_p T t d _p T t
Cory p = VA (0) / b ( / bads)dt + > 82 B (0)] / (o)’ ( / 5, Jds)dt
0 0 = 0 0
1 [T t 1 d ; _p T t
i\ = Y
+ 5/0 (Zj,t) (/O bSdS)dt] + 9 i,j%‘:zl aei,ej,ekh (O)/O (Ej,t) (/0 Zkasds)dt’

recalling b, = V.b(t,z0) and (3% ,)" = V. [oo*]%(t, z0).

The stochastic approximation error term is estimated as follows:

\Errorgﬁl\ <¢ CLip.nM1(0,b)[Mo(o, b)]2T% .
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Proof. One has to transform E[VA(XE)Xr] with

q t t
=30 [ o (X8 = a)aWl+ [ (X~ o),
= Jo 0

q t t
XP =uao+ Z/ o; AW +/ beds.
0 0

To switch from dW-integrals to dt-integrals, use the Malliavin calculus

integration by parts formula (for deterministic process A):

E[w(/OT Atth)/OT cod1W] :E[w(/oTAtth>/oTAtc:dt},

E[(¢1</OT A,dV), .. ,%(/OT A,dW)) /OT CLdW]

d

i,J=1

_ Z E[ﬁxjwi(/oT A dWy) /OT(Ath)‘zdt]-
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Theorem (Monte-Carlo representation of the expansions).

Eh(Xr)] =E [h(X{f){1 +WIE, by zolg (Vo |7 H(X 7 — 20 — /OT bydt)) }] + Errory?,

where we set, for Y € R?,

WIS, b; zolo <Y/bt/bdsdt>
+ zdjl {Y Y — (Dol }[/0 (bt)’ (/Ot Zj,sds)dw%/:(z;,t)’(/ot bsds)dt}

1Zd
R

7

1{YinYk - Y (Vo] ) =Y (Dol =Y (Vo ]‘1>;';} / T<E§-,t>’( / t Sk, sds)dt.

Consequence for Monte-Carlo methods:

V' to compute E(h(X7)), simulate the Gaussian r.v. X+ and average out
h(X:,E){l + - (XCZ]?)} Tested later as so-called Monte-Carlo proxy.
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2ND INGREDIENT: FINITE ELEMENTS'

Lagrange type: only pointwise values of A are used to build h.

SHAPE FUNCTIONS IN DIMENSION 1 '

A

__.‘l____________
S * G,

Linear interpolation Quadratic interpolation

IN DIMENSION 2 (TENSOR PRODUCTS [Brenner-Scott 2008])

@ P P S P
& B
C, S & = <
Bilinear interpolation Biquadratic interpolation
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TTEIUSUAL(D&EJOF]MULTHJNEARINTERPOLATHH%'

Start from a regular d-dimensional grid s.t.

..............................

v/ covering [—R,R]d,RlaI‘ge? ..... ..... ..... ..... ..... _____

v" N nodes in each direction |- ..... ..... ..... _____ _____

/ mesh size § = 2R/N |

Multilinear interpolation of h based on hat functions A built on the grid:

d
hz) =~ h(z) := > Wt Iy [ A% (z), = eR%
J1,--3a€{0,...,N} i=1
Proposition (Brenner-Scott).
) CLiop O, if h € Lip(RY, R
sup |h(x) — h(:z:)’ < ¢ Liph p( )
vel—R, R} (Caiaez 107hlac) 62 if h € CE(RY, R),

where cp 1S a universal constant.

Y
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THE CASE OF MULTILINEAR INTERPOLATION ON d—PARALLELOTOPE'

In order to make E(h(XF)) explicitly computable. ..

The grid is adjusted to eigenvalues of Vi = R -

o Sedt = Uy diag(A3T, ..., N2T) U, e
Y= 0Dupen o) o [
vyl = =R + 46, Ri = R\WT

v 8 =6M\VT, 5 =28

Affine transformation:

J1
Y1
ptsesdd —
Jd
Ya

where A z := E(XE) + Uypw.
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Final multilinear interpolation of A:

d
h(z) =~ h(z) := > h(a? I [T A% (WU (x — mT))")
VAT jdE{O ..... N} =1 Yi
. FE—MultiLinear
Computation cost: C, ;""" = O((N +1)9)

Proposition. E[h(XFE + ¢)] is explicit, and its e-derivatives too.
w we can apply the stochastic approximation to A instead of A.

Proof. One has to compute E[H?:1 A% (U, (XE + e —m%))")]. Because of

y;"
the axis-rotations,
d d
HA‘S X —mi))] = [TEAS, AVTwh)] = [TE[AS, (W) H@,Z vo),
=1 v =1
where
Yo = (yO)JG{—l ..... N+1} -— (—R+]5)g€{—1 ..... N+1}
J+1 —9 J _|_ 1 )
o) i= DU ) =R AW ) i) i anf(a) + N (a),
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(GLOBAL ERROR ANALYSIS '

Superposition of
v’ stochastic approximation error (available for any Lipschitz h)
v/ truncation error + interpolation error (depends much on regularity of h)
(H1): h € Lip(R4, R).

(H2): h € Lip(RY,R), piecewise C2, with Vh discontinuous across finitely many
hypersurfaces

(H3): h € CZ(RY,R).
Theorem (SAFE method with multilinear finite elements).

|Global Error| < ¢(h)M;(co,b)Mq(o,b)2T3/? + ¢(h) exp(—R%/4)

( 6+ Mo(o,b)VT under (H1),
+c(h) ¢ 0My(o, b)\/TP + My(o, b)\/T} under (H2),
| 62 [Mo(o,b)VT)? under (H3).
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Target accuracy:

E = [My(o,b)VT]?.

Theorem (optimal parameters of SAFE). Choose parameters R and § as

follows:

R :=24/log(1/€),

d 1= c

( [maxz- )\z \/TP
max; )\z\/T

\[maxi )\i\/T]i

Then, the global error is of order 3 w.r.t. Mo(o,b)VT:

under (H1),
under (H2),
under (H3).

E[h(X7)] = E[A(X7)] + Cor, ;, + O([Mo (o, ))VT]?).
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COMPLEXITY ANALYSIS: COST VERSUS ACCURACY'
Recall

/ CFE—MultiLinear _ O((N 4 1)d)’

calculus

v. N =2R/§
Corollary. With the previous notations and assumptions, as £ — 0 we have
( O(:log(l/é’):dmg_%> under (H1),
Chm e = & O([log(1/€)]42€~%)  under (H2),
\ O(:log(l/c‘:):d/QS_%) under (H3).

Compared to Monte-Carlo (CM¢ = O(£72)), SAFE is more efficient up to
dimension
d = 3 under (H1), d = 6 under (H2), d = 12 under (H3).

Theorem (SAFE method with multi-quadratic elements). Assume
(H3). As £ — 0 we have ¢F5MultiQuadratic (’)([log(l/é’)]d/Q).

calculus
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NUMERICAL TESTS (MORE EXPERIMENTS IN BOMPIS PHD THESIS

Diffusion model X = (Xi)ie{l,._.,d}:

1+ 2 i 1 i i i i i
= T a2 dX; = (p+ —VQO'(l)(Xt))O'(Xt)dt +vo(X))dW,;, X;=0.

o(x) >

Lamperti-transformation: explicit solution of the form X} = g(f(zo) + ut +vW}).
We take v = 20%, u =0, T = 1 and different functions:

100 Xi=1 i
__1_+_€%§:i:1$¢

hi(x) (C*> with bounded derivatives, case (H3)),

ha(x) —100e 7 Zi=1 T (C°°, case (H3) with unbounded derivatives),

d

zlﬁgo ( Z ZCZ')+ (]:JipSChitZ7 case (HZ))7
=1

ha(x) =100 max(xq,...,z4) (Lipschitz, case (H1)).

h3 (IC)
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Table 1: Estimation of the expectations in dimension 4 with MC, MC proxy,
SAFE methods and execution time.

method / func- | hy ho hs h4 exec. time

tion

MC 49.47 98.45 3.22 18.30 2mls
(£1.7E—3) (£6.4E—3) (£3.2E—3) (£7.4E—3)

MC Proxy 49.49 98.50 3.16 18.25 1m23s
(£1.5E—2) (£3.1E—2) (+4.0E—3) (£1.1E—2)

SAFE Lin (H1) 49.48 98.48 3.17 18.28 1h16m

SAFE Lin (H2) 49.48 98.49 3.18 18.31 7s

SAFE Lin (H3) 49.48 98.50 3.23 18.47 0.3s

SAFE Quad 1 49.48 98.48 3.17 18.20 3s

SAFE Quad 2 49.48 98.48 3.17 17.98 0.2s

SAFE Quad 3 49.48 98.49 3.22 16.92 0.02s
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Table 2: Estimation of the expectations in dimension 6 with MC, MC proxy and
SAFE methods and execution time.

method / func- | hy ho hs h4 exec. time

tion

MC 49.47 98.27 2.47 22.42 2mb8s
(£1.3E-3) (£5.3E-3) (£2.5E—3) (+6.6E—3)

MC Proxy 49.47 98.29 2.43 22.25 2m?2s
(+1.9E—-2) (£3.7E—2) (£3.3E-3) (+1.3E—2)

SAFE Lin (H2) 49.47 98.30 2.44 22.33 4h56m

SAFE Lin (H3) 49.48 98.31 2.49 22.54 2mTs

SAFE Quad 1 49.47 98.29 2.43 22.19 1h30m

SAFE Quad 2 49.48 98.30 2.43 21.90 1m30s

SAFE Quad 3 49.48 98.31 2.46 19.77 2s
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Table 3: Estimation of the expectations in dimension 8 with MC, MC proxy and
SAFE methods and execution time.

method / func- | b ho hs ha exec. time

tion

MC 49.47 98.17 2.03 25.04 3md7s
(£1.2E-3) (£4.6E—3) (£2.1E—3) (46.1E—3)

MC Proxy 49.46 98.18 1.99 24.74 2m4ls
(£2.2E—2) (£4.3E—2) (£2.9E—3) (£1.5E—2)

SAFE Quad 3 49.48 98.21 2.00 21.29 3ma39s
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Table 4: Estimation of the expectations in dimension 10 with MC, MC proxy
and SAFE methods and execution time.

method / func- | by ho hs ha exec. time

tion

MC 49.47 98.12 1.73 26.93 4mb50s
(£1.0E-3) (£4.1E-3) (£1.9E-3) (£5.8E—3)

MC Proxy 49.49 98.18 1.70 26.52 3ml5s
(£2.4E-2) (+4.8E—2) (£2.7E—3) (+1.8E—2)

SAFE Quad 3 49.47 98.15 1.69 22.35 5h49m

SAFE Quad 4 49.48 98.16 1.82 13.32 1m

SAFE Quad 5 49.48 98.17 1.60 21.05 0.39s
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FINANCIAL APPLICATIONS: PRICING IN CEV MODELS dS; = VSdet I

dX} = o(X))[dW} — 2o (X})dt], X¢ = 1log(100).
o(z) = 0.2exp(—0.2(z — log(100)).
Pricing of multi-asset options with payoffs:
(K — L., exp(es) s (Basket)
v (K —exp(3Y,_, 7))+ (Geo. mean)
(K —min;—1,.. qgexp(x;))+ (Worst of)
(K —max;—1_.. qexp(z;))+ (Best of)

We report results for d = 6.
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payoff method / strikes 90 95 100 105 110 exec. time
Basket MC 0.38 1.31 3.27 6.41 10.50 6h52m
(9.1E-4) (1.8E-3) (2.9E-3) (3.8E-3) (4.5E-3)
MC Proxy 0.38 1.30 3.27 6.41 10.50 4m36s
(9.5E-4) (1.8E-3) (2.9E-3) (3.9E-3) (4.6E-3)
SAFE Lin (H2) | 0.38 1.31 3.27 6.41 10.49 8h2m
SAFE Lin (H3) | 0.40 1.33 3.29 6.41 10.47 4m47s
SAFE Quad 1 0.38 1.30 3.26 6.41 10.50 3h2m
SAFE Quad 2 0.38 1.30 3.26 6.41 10.50 3m25s
SAFE Quad 3 0.38 1.32 3.26 6.40 10.47 5s
Geo. Mean | MC 0.57 1.78 4.14 7.65 11.98
(1.1E-3) (2.1E-3) (3.2E-3) (4.1E-3) (4.6E-3)
MC Proxy 0.56 1.78 4.13 7.64 11.98
(1.2E-3) (2.2E-3) (3.3E-3) (4.2E-3) (4.8E-3)
SAFE Lin (H2) | 0.57 1.79 4.14 7.65 11.97
SAFE Lin (H3) | 0.60 1.82 4.19 7.68 11.99
SAFE Quad 1 0.56 1.78 4.13 7.64 11.97
SAFE Quad 2 0.56 1.77 4.13 7.64 11.97
SAFE Quad 3 0.58 1.76 4.16 7.62 11.98
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Worst of MC 14.12 18.82 23.72 28.69 33.68
(5.9E-3) (6.2E-3) (6.3E-3) (6.3E-3) (6.4E-3)
MC Proxy 14.09 18.80 23.70 28.67 33.66
(6.7E-3) (7.2E-3) (7.5E-3) (7.8E-3) (8.0E-3)
SAFE Lin (H2) | 14.11 18.81 23.71 28.67 33.66
SAFE Lin (H3) | 14.31 18.93 23.84 28.79 33.78
SAFE Quad 1 14.05 18.72 23.62 28.58 33.57
SAFE Quad 2 13.73 18.55 23.42 28.39 33.36
SAFE Quad 3 12.94 17.56 22.33 27.32 32.31
Best of MC 32E-3  0.02 0.08 0.28 0.75
(7.5E-5) (2.0E-4) (4.6E-4) (9.1E-4) (1.6E-3)
MC Proxy 3.2E-3  0.02 0.08 0.28 0.75
(7.5E-5) (2.0E-4) (45E-4) (8.8E—4) (1.5E-3)
SAFE Lin (H2) | 3.3E-3 0.02 0.09 0.29 0.75
SAFE Lin (H3) | 5.1E-3 0.03 0.10 0.35 0.81
SAFE Quad 1 39E-3 0.02 0.09 0.31 0.80
SAFE Quad 2 8.1E-3  0.04 0.12 0.27 0.80
SAFE Quad 3 1.8E-2  0.03 0.17 0.50 0.84
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CONCLUSION '

v/ Analytical approximation under the asymptotics b, ¢ small, or Vb, Vo small

or 1" small.
Quick and quite accurate.
Improved accuracy for smoth payoffs.

More competitive than Monte-Carlo up to medium dimension (10).

SN NN

Alternatively, accurate proxy Monte-Carlo methods (avoid Euler

discretizations).

v' Perspectives: speed-up of SAFE using sparse grid techniques to reduce

number of FE shape functions.
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