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Recalls on BSDEs

General BSDE

Yt = ξ +

∫ T

t

ψ(s,Ys ,Zs)ds −
∫ T

t

ZsdWs , ∀t ∈ [0,T ]

where a solution is a couple (Y ,Z) such that :

I Y and Z are progressively measurable

I P-a.s. :

Yt = ξ +

∫ T

t

f (s,Ys ,Zs)ds −
∫ T

t

ZsdWs , 0 ≤ t ≤ T
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Recalls on BSDEs : the monotonic case

Yt = YT +

∫ T

t

ψ(s,Ys ,Zs)ds −
∫ T

t

ZsdWs , ∀0 ≤ t ≤ T < +∞

Hypothesis :

I ψ is Mψ-Lipschitz in y and z

I ψ is monotonic in y : ∃µ > 0, ∀y1, y2 ∈ R,

(ψ(s, y1, z)− ψ(s, y2, z)).(y1 − y2) ≤ −µ|y1 − y2|2

I |ψ(t, 0, 0)| ≤ K

Theorem (Briand-Hu 1998)

There exists a unique solution (Y ,Z) to the BSDE such that Y is bounded

adapted continuous process, E
∫ T
0
|Zs |2ds < +∞, i.e. Z ∈M 2,

|Yt | ≤
Mψ

µ
.
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Recalls on EBSDEs

What is an EBSDE ?

Yt = YT +

∫ T

t

[ψ(Xs ,Zs)− λ]ds −
∫ T

t

ZsdWs , ∀0 ≤ t ≤ T < +∞

Solution

⇒ triplet (Y ,Z , λ)
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Recalls on EBSDEs
Recalls on EBSDEs : In�nite dimensional framework

X x
t = x +

∫ t

0

AX x
s + F (X x

s )ds +

∫ t

0

GdWs , t ≥ 0;

Y x
t = Y x

T +

∫ T

t

[ψ(X x
s ,Z

x
s )− λ]ds −

∫ T

t

Z x
s dWs , 0 ≤ t ≤ T +∞.

Fuhrman, Hu, Tessitore (2007)

I strict dissipative assumption, ∃η > 0, ∀x , y ,
< Ax + F (x)− Ay − F (y), x − y > ≤ −η|x − y |2

⇒ key result : |X x
t − X y

t | ≤ e−ηt |x − y |
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Recalls on EBSDEs : In�nite dimensional framework

X x
t = x +

∫ t

0

AX x
s + F (X x

s )ds +

∫ t

0

GdWs , t ≥ 0;

Y x
t = Y x

T +

∫ T

t

[ψ(X x
s ,Z

x
s )− λ]ds −

∫ T

t

Z x
s dWs , 0 ≤ t ≤ T +∞.

Debussche, Hu, Tessitore (2010)

I weak dissipative assumption :
∃η > 0, ∀x , y , < Ax − Ay , x − y >≤ −η|x − y |2
F is Lipschitz bounded and Gâteaux di�erentiable

⇒ key result Basic Coupling Estimate : ∀φ ∈ Bb,
|Pt [φ](x)−Pt [φ](y)| ≤ C(1 + |x |2 + |y |2)e−η̂t

where Pt [Φ](x) = EΦ(X x
t ).
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Recalls on EBSDEs : Finite dimensional framework

G = {φ > 0} a convex subset of Rd where lives the re�ected the process X x
t .


X x
t = x +

∫ t

0

f (X x
s )ds +

∫ t

0

σ(X x
s )dWs +

∫ t

0

∇φ(X x
s )dK x

s , t ≥ 0;

K x
t =

∫ t

0

1{Xx

s
∈∂G}dK

x
s , K x

· is non decreasing;

Y x
t = Y x

T +

∫ T

t

[ψ(X x
s ,Z

x
s )− λ]ds +

∫ T

t

[g(X x
s )− µ]dK x

s

−
∫ T

t

Z x
s dWs , 0 ≤ t ≤ T +∞.

2 kinds of solutions

I (Y ,Z , λ) if µ is given ;

I (Y ,Z , µ) is λ is given.

8 / 23



Recalls on EBSDEs
X x
t = x +

∫ t

0

f (X x
s )ds +

∫ t

0

σ(X x
s )dWs +

∫ t

0

∇φ(X x
s )dK x

s , t ≥ 0;

K x
t =

∫ t

0

1{Xx

s
∈∂G}dK

x
s , K x

· is non decreasing;

Y x
t = Y x

T +

∫ T

t

[ψ(X x
s ,Z

x
s )− λ]ds +

∫ T

t

[g(X x
s )− µ]dK x

s

−
∫ T

t

Z x
s dWs , 0 ≤ t ≤ T +∞.

Richou (2009)

I G a bounded convex subset of Rd ;

I X x
t lives in G ;

I strict dissipative assumption, ∃η > 0, ∀x , y ,

<f (x)− f (y), x − y > +
1

2
Tr[(σ(x)− σ(y))t(σ(x)− σ(y))] ≤ −η|x − y |2.

− η + Kψ,zKσ < 0.

⇒ key result : |X x
t − X y

t | ≤ e−ηt |x − y | (when σ is constant)
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EBDSE : our framework


X x
t = x +

∫ t

0

f (X x
s )ds +

∫ t

0

σ(X x
s )dWs +

∫ t

0

∇φ(X x
s )dK x

s , t ≥ 0;

K x
t =

∫ t

0

1{Xx

s
∈∂G}dK

x
s , K x

· is non decreasing;

Y x
t = Y x

T +

∫ T

t

[ψ(X x
s ,Z

x
s )− λ]ds +

∫ T

t

[g(X x
s )− µ]dK x

s

−
∫ T

t

Z x
s dWs , 0 ≤ t ≤ T +∞.

Our framework

I G a convex subset of Rd ;

I (X x
t )t≥0 lives in G ;

I weak dissipative assumptions, f = d + b, :
I d is dissipative : ∃η > 0, ∀x , y , (d(x)− d(y)).(x − y) ≤ −η|x − y |2 ;
I b is bounded Lipschitz by B ;

I d is locally Lipschitz ;

I σ is invertible, both σ and σ−1 are bounded.

10 / 23



EBSDE : Existence

Initial problem : zero Neumann boundary conditions
X x
t = x +

∫ t

0

(d + b)(X x
s )ds +

∫ t

0

σ(X x
s )dWs +

∫ t

0

∇φ(X x
s )dK x

s , t ≥ 0;

K x
t =

∫ t

0

1{Xx

s
∈∂G}dK

x
s , K x

· is non decreasing;

Y x
t = Y x

T +

∫ T

t

[ψ(X x
s ,Z

x
s )− λ]ds −

∫ T

t

Z x
s dWs , 0 ≤ t ≤ T +∞.

turns into

Penalized problem

X x,n
t = x +

∫ t

0

(d + Fn + b)(X x,n
s )ds +

∫ t

0

σ(X x,n
s )dWs .

Y x,n
t = Y x,n

T +

∫ T

t

[ψ(X x,n
s ,Z x,n

s )− λn]ds

−
∫ T

t

Z x,n
s dWs , 0 ≤ t ≤ T < +∞.
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Penalization method

Term of penalization

Fn(x) = −2n(x − Π(x)), ∀x ∈ Rd

Key property of Fn

I Fn is 0-dissipative

X x,n
t = x +

∫ t

0

(d + Fn + b)(X x,n
s )ds +

∫ t

0

σ(X x,n
s )dWs
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Basic coupling estimate

Lemma : Basic coupling estimate

There exists C > 0 and µ > 0 such that ∀Φ ∈ Bb(Rd ),

|Pn
t [Φ] (x)−Pn

t [Φ] (y)| ≤ C(1 + |x |2 + |y |2)e−µt |Φ|0 (1)

where Pt [Φ](x) = EΦ(X x,n
t ).
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Classical approach : transform the EBSDE into a monotonic BSDE

Penalized problem

X x,n
t = x +

∫ t

0

(d + Fn + b)(X x,n
s )ds +

∫ t

0

σ(X x,n
s )dWs .

Y x,α,n
t = Y x,α,n

T +

∫ T

t

[ψ(X x,n
s ,Z x,α,n

s )− αY x,α,n
s ]ds

−
∫ T

t

Z x,α,n
s dWs , 0 ≤ t ≤ T < +∞.

We de�ne

vα,n(x) := Y x,α,n
0

Basic coupling estimates implies that :

|vα,n(x)− vα,n(y)| ≤ C(1 + |x |2 + |y |2)
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Classical approach : fail

We need

|vα,n(x)− vα,n(y)| ≤ C(1 + |x |2 + |y |2)|x − y |

⇒ Regularization.

Regularized penalized problem

X x,n,ε
t = x +

∫ t

0

(dε + F εn + bε)(X x,n,ε
s )ds +

∫ t

0

σε(X x,n,ε
s )dWs .

Y x,α,n,ε
t = Y x,α,n,ε

T +

∫ T

t

[ψε(Xs
x,n,ε,Z x,α,n,ε

s )− αY x,α,n,ε
s ]ds

−
∫ T

t

Z x,α,n,ε
s dWs , 0 ≤ t ≤ T < +∞

We de�ne :

vα,n,ε(x) := Y α,n,ε
0
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Construction of a solution

We want :

|∇vα,n,ε(x)| ≤ C(1 + |x |2)

⇒ Additionnal assumptions :

I |d(x)| ≤ C(1 + |x |p)

I ∃c > 0 such that tξσ(x)tσ(x)ξ ≥ c|ξ|2

Then :

|vα,n,ε(x)− vα,n,ε(y)| ≤ C(1 + |x |2 + |y |2)|x − y |

By a diagonale procedure :

(Y x,α,n,ε
t − Y x,α,n,ε

0
,Z x,α,n,ε

t , αvα,n,ε(0)) −→
α→ 0, n→ +∞, ε→ 0

(Yt ,Zt , λ)
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Main Result

Theorem

Assume that

I G a convex subset of Rd ;

I (X x
t )t≥0 is re�ected in G ;

I f is locally Lipschitz ;
I weak dissipative assumptions, f = d + b, :

I d is dissipative : ∃η > 0, ∀x , y , (d(x)− d(y)).(x − y) ≤ −η|x − y |2 ;
I b is bounded Lipschitz by B ;

I polynomial growth property for d ;

I σ is Lipschitz, invertible, both σ and σ−1 are bounded and
tξσ(x)tσ(x)ξ ≥ c|ξ|2 ;

I |ψ(x , 0)| ≤ Mψ and ψ Lipschitz.

Then there exist a locally Lipschitz function v , Z ∈M 2(R+,Rd ) and a real λ
such that, de�ning Y x

t := v(X x
t ), (Y x ,Z x , λ) is a solution of the EBSDE with

zero Neumann boundary conditions. Furthermore : |v(x)| ≤ C(1 + |x |2).
Z x
t = ξ(X x

t ) and |ξ(x)| ≤ C(1 + |x |2).

Property

Uniqueness of λ. 17 / 23



Ergodic BSDE with Neumann boundary conditions

Problem solved :

Y x,0
t = Y x,0

T +

∫ T

t

[ψ(X x
s ,Z

x,0
s )− λ0]ds −

∫ T

t

Z x,0
s dWs , 0 ≤ t ≤ T +∞

Problem to solve, µ is �xed

Y x
t = Y x

T +

∫ T

t

[ψ(X x
s ,Z

x
s )− λ]ds +

∫ t

0

[g(X x
s )− µ]dK x

s

−
∫ T

t

Z x
s dWs , 0 ≤ t ≤ T +∞

Ŷ x
t := Y x,0

t −
∫ t

0

[g(X x
s )− µ]dK x

s , t ≥ 0

=⇒ (Ŷ x ,Z x,0, λ) is solution of the EBSDE with Neumann boundary conditions.

18 / 23



Ergodic BSDE with Neumann boundary conditions

Problem to solve : λ is �xed

Y x
t = Y x

T +

∫ T

t

[ψ(X x
s ,Z

x
s )− λ]ds +

∫ t

0

[g(X x
s )− µ]dK x

s

−
∫ T

t

Z x
s dWs , 0 ≤ t ≤ T +∞

Ŷ x
t := Y x,0

t + (λ− λ0)t −
∫ t

0

[g(X x
s )− µ]dK x

s

=⇒ (Ŷ x ,Z 0, µ) is solution of the EBSDE with Neumann boundary conditions.
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Link with PDEs

Initial problem
X x
t = x +

∫ t

0

(d + b)(X x
s )ds +

∫ t

0

σ(X x
s )dWs +

∫ t

0

∇φ(X x
s )dK x

s , t ≥ 0;

K x
t =

∫ t

0

1{Xx

s
∈∂G}dK

x
s , K x

· is non decreasing;

Y x
t = Y x

T +

∫ T

t

[ψ(X x
s ,Z

x
s )− λ]ds −

∫ T

t

Z x
s dWs , 0 ≤ t ≤ T +∞.

Y x
t = v(X x

t )

PDE with zero Neumann boundary condition{
L v(x) + ψ(x , t∇v(x)σ(x)) = λ, x ∈ G ,
∂v
∂n

(x) = 0, x ∈ ∂G ,

where :

L u(x) =
1

2
Tr(σ(x)tσ(x)∇2u(x)) + tf (x)∇u(x).
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An example in one dimension


X x
t = x +

∫ t

0

f (X x
s )ds +

∫ t

0

σ(X x
s )dWs +

∫ t

0

∇φ(X x
s )dK x

s , t ≥ 0;

K x
t =

∫ t

0

1{Xx

s
∈∂G}dK

x
s , K x

· is non decreasing;

If f :

{
R→ R
x 7→ −x3
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An example in one dimension

f (x) = d(x) + b(x).

where :

d(x) = −x31|x|≥1 − x1|x|<1

b(x) = −x31|x|<1 + x1|x|<1
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