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Recalls on BSDEs

General BSDE

T T
Ye=¢ +/ U(s, Ys, Z)ds —/ Z.dW., Vte[0,T]
t t

where a solution is a couple (Y, Z) such that :
> Y and Z are progressively measurable

> P-as.

T T
Y, = §+/ f(s, Ys,Zs)ds—/ ZdW., 0<t<T
t t
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Recalls on BSDEs : the monotonic case

T T
Ye=Yr +/ W(s, Ye, Z:)ds —/ ZdW,, Y0<t<T<+oo
t t

Hypothesis :
> 1) is My-Lipschitz in y and z
> ) is monotonic in y : 3u >0, Vy1,y2 € R,
(¥(s,y1,2) = ¥(s,y2,2))-(y1 — y2) < —plys — y2?
> [¥(t,0,0)] < K

Theorem (Briand-Hu 1998)

There exists a unique solution (Y, Z) to the BSDE such that Y is bounded
adapted continuous process, IEfOT |Zs|?ds < +o0, ie. Z € 473,

[Yel < %
I
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Recalls on EBSDEs

What is an EBSDE?

T T
Ye=Yr +/ [(Xs, Z2) — )\]ds—/ Z.dAW,, YO<t<T <400
t

t

Solution
= triplet (Y, Z,)\)
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Recalls on EBSDEs

Recalls on EBSDEs : Infinite dimensional framework

t t
X,":x+/ AXSX+F(XSX)ds+/ GdW,, t>0;
0 0

T T
V£ = Y$+/ [w(xj,zz)fx]dsf/ ZXAW., 0<t< T + .
t t

Fuhrman, Hu, Tessitore (2007)

» strict dissipative assumption, I > 0, Vx, y,
<Ax+F(x) = Ay = F(y),x—y> < —nlx—yf?

= key result : |[X7 — XY| < e "|x — y|
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Recalls on EBSDEs : Infinite dimensional framework

t t
X :x—|—/ AXSX—|—F(XSX)ds+/ GdW,, t>0;
0 0

T T
Vi = Y$+/ [w(XsX,st)f/\]dsf/ ZXAW., 0<t< T + co.
t t

Debussche, Hu, Tessitore (2010)

» weak dissipative assumption :
I >0 Vx,y, <Ax—Ay,x—y><-—nx—yf
F is Lipschitz bounded and Gateaux differentiable

= key result Basic Coupling Estimate : V¢ € By,
| Z:[6](x) — Ze[dl(y)] < C(1+ |x[? + |y[*)e™™
where Z2:[®](x) = E®(XY).
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Recalls on EBSDEs : Finite dimensional framework

G = {¢ > 0} a convex subset of R? where lives the reflected the process X;*.

t t t
x::x+/ f(x;)ds+/ U(sz)dWs—i—/ Vo(XX)dKE, t > 0;
0 0 0
t
KZ :/ N ¢xxcacydKS, K™ is non decreasing;
0
T T
VE= Vi [ W0z s+ [ [g06) - daks
t t
T
—/ ZdW., 0<t<T+c.
t
2 kinds of solutions
> (Y,Z,)\) if pis given;

> (Y, Z,u)is \is given.
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Recalls on EBSDEs

t t t
xz:x+/ f(Xs")ds+/ U(Xs")dWer/ Vo(XX)KE, t > 0;
0 0 0

t
K; :/ NixxcacydKS, KX is non decreasing;
0

T T
Yi—vi+ / [(X.Z5) — Nlds + / [6(XZ) — pldK:

.
f/ ZXAW., 0<t<T+cc.
t

Richou (2009)

» G a bounded convex subset of RY :
> X lives in G;
» strict dissipative assumption, 3 > 0, Vx, y,
1
<) = £(y),x =y > 435 Trl(o(x) = o(y)) (o (x) = o (y))] < —nlx - vl
—n+Kyp.K, < 0.

= key result : [ X7 — XY| < e”"|x — y| (when o is constant)
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EBDSE : our framework

t t t
x::x+/ f(XsX)ds+/ J(sz)dWer/ Vo(XX)AKYE, t>0:
0 0 0

t
Kf:/ N (xxcacydKS, K™ is non decreasing;
0

T T
VE= Vi [ W0z - Nds+ [ [g06) - uaks

-
—/ ZXdW,, 0<t<T+oo.

t
Our framework

» G a convex subset of RY;

> (X)eo lives in G;

» weak dissipative assumptions, f =d + b, :
> d is dissipative : 3n > 0, Vx, y, (d(x) — d(y)).(x —y) < —n|x — y|?;
> b is bounded Lipschitz by B;

» d is locally Lipschitz;

1

» o is invertible, both ¢ and o~ are bounded.
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EBSDE : Existence

Initial problem : zero Neumann boundary conditions
t t t
Xz :x+/ (d+b)(sz)ds+/ a(XsX)dWs—l—/ Vo(XX)dK?,
0 0 0

t
K;‘:/ T (xxeca6ydKS, K™ is non decreasing;
0

T T
yi = v;+/ [H(X.Z5) —A]ds—/ ZXdW,, 0<t< T+ oo,
t t

turns into

Penalized problem
t t
SE — o / (d + Fn + b)(XX™)ds +/ o (X)W,
0 0
T
ver = ven e [, 2em) - xas
t

-
—/ ZE"AWs, 0<t< T < +oo.

t
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Penalization method

Term of penalization

Fn(x) = —2n(x — N(x)), vx € R?

Key property of F,

» F, is O-dissipative

t t
Xpm = x+ / (d + Fo+ B)(X2")ds +/ o (X2 )W,
0 0
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Basic coupling estimate

Lemma : Basic coupling estimate
There exists C > 0 and x> 0 such that Y& € B,(RY),

|28 [0] (x) — 27 [®] ()| < C(X + |x|* + |y[*)e™[®[o
where 2,[0](x) = E(X").
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Classical approach : transform the EBSDE into a monotonic BSDE

Penalized problem
t t
X" =x+ / (d + Fn + b)(X")ds +/ a(X™)dWs.
0 0
T
th,a,n _ Y_);_,oz,n +/ [¢(sz,n’zsx,oz,n) _ ast,a,n]ds
t
-
—/ ZX"dW,, 0<t< T < +oo.
t
We define
v (x) = Yo"

Basic coupling estimates implies that :

V() = v ()] < C+ I + Iy P)
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Classical approach : fail
We need

v () = v (V)] < C(L+ X[ + [y *)x —
= Regularization.

Regularized penalized problem
t t
Xeme = xt [ (4 F b0 ds + [t ().
0 0

T
th,a,n,s — Y;(_,a,n,a +/ [Q)[)&()(sx,n,s7 st,a,n,a) _ ast,a,n,a]ds
t

-
—/ ZX0"E AW, 0<t< T < +oo
t

We define :

Va,n,a(x) = Yoa,n,s
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Construction of a solution

We want :
[Vve™e(x)] < C(1+|x]?)

=- Additionnal assumptions :

> [d)] < C(L+ [x[P)

» Jc > 0 such that %o (x)'o(x)¢ > c|¢)?
Then :

v (x) — v (y)| < C(+ [xP + |y [)x — |

By a diagonale procedure :

(Y:,a,n,a _ Y(;(,oz,n,es7 Z;(,a,n,s,ava,n,E(o)) N (yt7 Z':7 )\)
a—0,n— +o0,e >0
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Main Result

Theorem
Assume that

» G a convex subset of R?;
(XZ)exo is reflected in G;
f is locally Lipschitz;

v

v

v

weak dissipative assumptions, f =d + b, :
> d is dissipative : 3 > 0, Vx, y, (d(x) — d(y)).(x —y) < —n|x — y|?;
> b is bounded Lipschitz by B;

» polynomial growth property for d;

1

v

o is Lipschitz, invertible, both ¢ and 0™ are bounded and

o (x)o(x)€ > cl¢f?;
|¥(x,0)| < My, and 1) Lipschitz.

v

Then there exist a locally Lipschitz function v, Z € .#%(R;,RY) and a real A
such that, defining Y7 := v(X{), (Y, Z*,\) is a solution of the EBSDE with
zero Neumann boundary conditions. Furthermore : [v(x)| < C(1 + |x[|?).

Zy = §(X¥) and [€(x)] < C(1+ [x]).

Property

Uniqueness of .



Ergodic BSDE with Neumann boundary conditions

Problem solved :

T T
Y0 = yx° +/ [W(XZ,Z2°) — A°lds —/ ZX%Aw,, 0<t<T+4oo
t t

Problem to solve, u is fixed

T t
Yi—vi+ / [(XZ, Z) — Alds + / 8(X2) — pldK:

=
—/ ZSdWs, 0<t< T+

t

t
Vo= veo - [Ty - lakz, 120
0
= (?X, Z*% )\) is solution of the EBSDE with Neumann boundary conditions.
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Ergodic BSDE with Neumann boundary conditions
Problem to solve : \ is fixed
T t
VE= Vi [ OG22 - s + [ g(X) - uldK:
t 0

)
f/ Z5AW,, 0<t<T+oo
t

t
VE = VIO £ (A= 20t - / 8(XZ) — uldK:
0

— (\A’X, Z°, ;1) is solution of the EBSDE with Neumann boundary conditions.
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Link with PDEs

Initial problem
t t t
x::x+/ (d+b)(Xs")ds+/ a(xz)dvvs+/ Vo(XX)dKE, t > 0;
0 0 0

t
K; :/ NixxcacydKS, K™ is non decreasing;
0

T T
V£ = Y7’5+/ [b(XZX,ZX) f)\]dsf/ ZXdW., 0<t< T + .
t t

Y = v(XY)

PDE with zero Neumann boundary condition

{ Lv(x) +¥(x, Vv(x)o(x)) =N, xé€ G,
%(X) =0, x € 0G,

where :

Zu(x) = 5 Trlo()'o () V2u(x)) + F(x) Vu(x):
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An example in one dimension

t t t
m=x+/fmn¢+/awnwmf/vaﬁm@;tzm
0 0 0
t
Kf :/ T(xzeo6ydK, KX is non decreasing;
0

wh{RHR

XI—)—X3
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An example in one dimension

f(x) = d(x) + b(x).
where :
d(x) = =xLpjz1 = xLjxca

b(x) = —=x* L g1 + xT g1

2,5
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